In this Letter, we try to give a direct method for calculating the quark-number susceptibility (QNS) at finite chemical potential and temperature. In our approach the QNS is given by a formula which that the QNS χ (μ, T ) has a singularity when μ comes close to a critical value μ 0 , and the susceptibility as a function of T becomes discontinuous at some values of T when μ is near μ 0 . At high temperature the QNS approaches the ideal quark gas result, while at very small temperature (T < 40 MeV) the susceptibility equals zero. For all values of μ we studied, the susceptibility shows a rapid increase near T = 120-140 MeV, which could be regarded as the signal of a crossover.
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It is generally believed that enhanced fluctuations are essential characteristics of Quantum Chromodynamical (QCD) phase transitions (for example, in the confined/chirally broken phase charges are associated with hadrons in integer units whereas in the deconfined/chirally restored phase they are associated with quarks in fractional units which could lead to charge fluctuations which are different in the two phases) [1] [2] [3] [4] [5] [6] [7] . A measure of the intrinsic statistical fluctuations in QCD is provided by the associated susceptibilities. In particular, it was recently argued that the quarknumber susceptibility (QNS) may be used to identify the chiral critical point in the QCD phase diagram [8] [9] [10] [11] [12] . Hence the QNS in QCD has been extensively studied in recent years. In this Letter, we shall first give a direct method for calculating the QNS at finite chemical potential μ and temperature T , and then employ one continuum nonperturbative QCD model, the rainbow approximation of the Dyson-Schwinger (DS) approach, to numerically calculate the QNS at finite μ and T .
If we confine ourselves to the two-flavor case with exact isospin symmetry and set μ u = μ d = μ (μ u and μ d are the chemical po-tentials of the up and down quarks), the quark number density and the corresponding susceptibility are given by
and
respectively, where V /T is the four-volume normalising factor and
is the partition function of QCD at finite T and μ.
From Eq. (1) and by using functional integral techniques, one can derive a well-known result (see, for example, Refs. [13, 14] )
where β = 1/T , ω n = (2n + 1)π T are the fermion Matsubara fre- Open access under CC BY license.
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quark propagator at finite T and μ into Eq. (3), one will obtain exactly the Fermi statistics result for the quark number density of a free quark gas, as was shown in Ref. [14] . Substituting Eq. (3) into Eq. (2), one can obtain a general formula for the QNS at finite T and μ χ(μ, Over the past few years, considerable progress has been made in the framework of the rainbow-ladder approximation of the DS approach [15] [16] [17] [18] , which provides a successful description of various nonperturbative aspects of strong interaction physics. We naturally expect that it might be a useful nonperturbative approach in the study of QNS of QCD at finite chemical potential and temperature. In this Letter we shall employ this approach.
Since G[μ, T ]( p, ω n ) plays an important role in the calculation of QNS, it is theoretically valuable to give a general recipe for calculating this function in the framework of the rainbow-ladder approximation of the DS approach. Let us first recall the following general result given in Refs. [19, 20] : If one adopts the rainbow approximation of the Dyson-Schwinger equation (DSE) and ignores the μ dependence of the dressed gluon propagator (this is a commonly used approximation in studying the dressed quark propagator at finite μ [16, [19] [20] [21] [22] [23] [24] [25] [26] ), then one can obtain the dressed quark propagator at finite μ from the one at μ = 0 by the following substitution (more details can be found in Refs. [19, 20] ):
is the inverse dressed quark propagator at μ = 0. Therefore, once the dressed quark propagator at μ = T = 0 is known, the dressed quark propagator at finite μ and T = 0 can be obtained by means of Eq. (5). This result can be generalized to the case of finite temperature [27] . Hence the model quark propagator at finite T and μ in this work can be taken to be of the following form
, one needs to specify the form of the dressed quark propagator at μ = T = 0. In Ref. [28] the authors use the DSE model specified by the following ansatz for the gluon propagator in Landau gauge 
where m n are complex-valued mass scales and z n are complex coefficients. The requirement that for large momentum the quark propagator (8) tends to the free quark propagator entails the relation
In this Letter the parameters of the model quark propagator (8) are taken from Ref. [28] and they are given below:
From the above form of G(p) and Eq. (6), one has the dressed quark propagator at finite T and μ
Here we note that when T or μ is very large, the mass scales m k in the quark propagator (10) can be neglected and propagator (10) tends to the free massless quark propagator at large T and μ. Since the calculation of QNS only involves the quark propagator at finite T and μ, we expects that for very large T or μ the calculated QNS should tend to the ideal quark gas result. In addition, studies in the literature [29] [30] [31] suggested that complex conjugate singularities may be possibly related to confinement and the absence of real quark mass poles. If one considers the limiting case of m 1 and z 1 evolving to become real and the other two poles being shifted to infinity: m 2 , m 3 → ∞, then propagator (10) becomes the free fermion propagator at finite T and μ and quarks are deconfined.
In this case one will obtain the QNS of the free Fermi gas.
Here we stress that in the present work the dressed quark propagator at finite μ is obtained from the meromorphic quark propagator (8) by applying Eq. (5). In order this procedure to be correct, one needs to verify that the quark propagator (8) is a self-consistent solution to the rainbow approximation of the DSE for the dressed quark propagator. Now we will give some discussions on this issue. For the sake of clarity of expression, we will adopt coordinate-space formulation. In coordinate space the renormalized rainbow quark DSE in Landau gauge reads
where Σ(x), G(x) and D μν (x) are respectively the renormalized quark self-energy, renormalized quark propagator and dressed gluon propagator in coordinate space: into (11), one can solve for the gluon propagator as follows. By multiplying both sides of (11) with I (the unit matrix in Dirac space) and / k (k is an arbitrarily chosen 4-vector) respectively and then taking the trace, one arrives at the following two equations:
where we have defined
The above procedure of obtaining the rainbow-ladder gluon propagator from ansatz for the quark propagator function amounts to an "inverse scattering problem." This problem was studied much in the literature [32] . In fact, Eq. (12) and B(p 2 ), just as we use the meromorphic quark propagator (8) in this Letter. Therefore, there is no guarantee that Eq. (12) will yield the same result as Eq. (13) . Now let us see the meromorphic quark propagator (8) . Since it is only a fitted form of the solution of the rainbow quark DSE with the model gluon propagator (7), there may be some difference between the outcomes of Eqs. (12) and (13) . Nevertheless, the quark propagator (8) fits the solution of the rainbow quark DSE with model gluon propagator (7) very well, so the difference between the outputs from Eqs. (12) and (13) should be very small. This difference could serve as an additional measure of the accuracy of the meromorphic fit to the dressed quark propagator. From this one expects that the meromorphic quark propagator (8) can be reasonably regarded as a self-consistent solution to the rainbow DSE. Substituting Eq. (10) into Eq. (3) and performing the trace, one obtains
The task now is to evaluate the summation of infinite Matsubara frequencies. This summation can be evaluated using the method of contour integral [33] 
. Taking the T = 0 limit of ρ(μ, T ), one ob-
where c k and d k are defined by m Fig. 1 . Just as shown in Fig. 1 , the obtained quark number density distribution differs significantly from the Fermi distribution of the free quark theory. Physically this is a consequence of dynamical chiral symmetry breaking and confinement in the low energy region. We note that when μ is smaller than a critical value μ 0 = 547 MeV, the quark number density vanishes identically. That is μ = μ 0 is a singularity which separates two regions with different quark number densities. This result agrees qualitatively with the general conclusion of Ref. [34] .
In that reference, based on a universal argument, it is pointed out that the existence of some singularity at the point μ = μ 0 and As is well known, the quark propagator is a fundamental quantity in QCD which encodes the rich nonperturbative and perturbative properties of QCD. In recent years, the infrared behavior of the quark propagator attracts more attentions. It is believed that the infrared behavior of the quark propagator could help to understand the mechanism of confinement and dynamical chiral symmetry breaking. In the literature (see, for example, Refs. [28, 35, 36] ) there exist many different forms of model quark propagator, all of which can successfully fit the low energy hadronic observables at T = μ = 0. However, when applied to the calculation of thermodynamical quantities at finite T and μ, different model quark propagators yield different results. In other words, physical observables at finite T and μ are sensitive to the choice of these model quark propagators. Therefore, one can use the physical observables at finite T and μ to aid in discriminating between models for the dressed quark propagator. We expect that our work can give further constraints to the choice of model quark propagators and the parameters therein. This will be done in the future.
As was explained above, the value μ 0 = 547 MeV is a singularity which separates the two regions with different quark number densities. In order to further identify the true physical meaning of μ 0 , let us study the behavior of the quark condensate at finite μ. The quark condensate at finite μ and zero T is defined
After some calculations one finds
whereis the vacuum quark condensate, a k and b k are defined by m k = a k + ib k and the functions f k (μ) and g k (μ) read
From Eq. (18) it can be seen that owing to the step function, when μ is below the value μ = min{|a k |} which equals μ 0 , the quark condensate is kept unchanged from its vacuum value. The numerical result of[μ] is shown in Fig. 2 . From Fig. 2 it is seen that when μ starts to increase from μ = μ 0 the quark condensate begins to drop, which means that partial restoration of chiral symmetry takes place. Thus, μ 0 is identified as the starting point of partial restoration of chiral symmetry. From this one infers that chiral phase transition point μ χ must be larger than μ 0 . In order to further understand the above result, in the following we try to give a model-independent argument to show why we should have μ 0 < μ χ . This argument is quoted from Ref. [34] . Recall that the partition function of QCD can be written as the Gibbs sum over all quantum states, α, of the system
where each state is characterized by its energy E α and its baryon number N α . In the limit T → 0, the state with the lowest value of E α − μN α makes an exponentially dominant contribution to the partition function. When μ = 0, this is the state with N = 0 and E = 0, i.e., the vacuum. Now introduce
As long as μ < μ 0 , the state with the lowest of E α − μN α remains the vacuum. When μ < μ 0 , the baryon number density vanishes identically. The result of our model calculation is in agreement with this conclusion. Since for μ < μ 0 the system remains in the vacuum state, the quark condensate should remain equal to its vacuum value. Our model calculation also gives this conclusion. When μ > μ 0 , the state with the lowest value of E α − μN α is no longer the vacuum. And one expects that the value of the quark condensate will be changed from its vacuum value. In the chiral limit, it is generally believed that the quark condensate will vanish at some point. From this one infers that μ 0 < μ χ . Here, it should be pointed out that the relative magnitude of μ 0 and μ χ is an important problem in the study of QCD phase diagram which is still under debate. For example, recently in a model calculation [26] the authors gave an explicit description and example of the case μ χ < μ 0 . Thus in a model it can happen that μ χ < μ 0 . These problems undoubtedly deserve further study.
The QNS now can be easily obtained by differentiating ρ(μ, T ) with respect to μ
Before performing numerical calculation of the QNS using Eq. (19) 
Putting these together into expression (19), we have
for any fixed value of μ. Thus, the high temperature behavior of χ (μ, T ) agrees with that of the ideal quark gas result χ f =
. Because of asymptotic freedom, this is what one expects in advance.
In Fig. 3 we show the numerical results of χ (μ, T ) as a function of T for different values of μ, divided by the QNS of an ideal quark
2 ). Eq. (19) has a singularity when μ comes close to μ 0 = 547 MeV, and the susceptibility as a function of T becomes discontinuous at some T when μ is near μ 0 . First let us see the curve corresponding to μ = 0. One sees clearly from Fig. 3 that χ (μ = 0, T ) equals zero at low temperatures and experiences a sudden increase across T ∼ 140 MeV, both of these characteristics of QNS being in qualitative agreement with the previous results from lattice simulations [3, [37] [38] [39] [40] [41] [42] . When μ increases from μ = 0, the temperature at which the sudden increase occurs shifts to smaller values. For all values of μ we have studied, this temperature lies in the range 120 MeV ∼ 140 MeV. This rapid increase of the quark-number susceptibility could be regarded as the signal of a crossover.
At very small temperature (T < 40 MeV), the susceptibility equals zero. This vanishing behavior in the low-temperature region is consistent with the lattice results shown in Fig. 8 in Ref. [42] and Figs. 1 and 2 in Ref. [1] . As was discussed above, when T is large enough, the QNS should tend to the ideal quark gas result. This tendency can be clearly seen in Fig. 3 . However, when 50 MeV < T < 90 MeV, the QNS becomes negative. Physically it is hard to understand why the QNS becomes negative in this region of T . We think it might be an artefact of the model gluon propagator (7).
To summarize, in the study of strongly interacting matter, it is quite important to achieve a thorough understanding of the QNS at finite temperature and/or quark chemical potential. In the present work, we give a direct method for calculating the QNS at finite T and μ. In this method the QNS is given by a formula which solely involves G[μ, T ]( p, ω n ) (the dressed quark propagator at finite T and μ). Since at present it is very difficult to calculate G[μ, T ]( p, ω n ) from first principle of QCD, one has to resort to various nonperturbative QCD models. In this Letter we employ one nonperturbative QCD model, the rainbow approximation of the DS approach. In order to calculate G[μ, T ]( p, ω n ) in the framework of the rainbow approximation of DS approach, we invoke the finite temperature generalization [27] of the general result proved in Ref. [19] , according to which G[μ, T ]( p, ω n ) can be obtained from G[T ]( p, ω n ) (the dressed quark propagator at μ = 0 and finite T ) by the substitution ω n → ω n + iμ. By applying this result, G[μ, T ]( p, ω n ) is calculated from the meromorphic quark propagator proposed in Ref. [28] . From this an explicit formula of the quark-number density ρ(μ, T ) is obtained and the behavior of the quark-number density at zero temperature and finite chemical potential ρ(μ) = ρ(μ, T = 0) is analyzed. It is found that the obtained quark-number density differs significantly from the Fermi distribution of free quark theory. Physically this is a consequence of dynamical chiral symmetry breaking and confinement in the low energy region. It is also found that when μ is below a critical value μ 0 = 547 MeV, the quark-number density vanishes identically. This feature agrees qualitatively with the general conclusion in Ref. [34] (the value μ 0 obtained in this Letter is larger than the corresponding value given in Ref. [34] (307 MeV); this difference can be attributed to the choice of the parameters of the model quark propagator employed in this Letter). From ρ(μ, T ) the QNS χ (μ, T ) is obtained by differentiation with respect to μ.
From our results it is found that at high temperature the QNS approaches the ideal quark gas result (because of asymptotic freedom, this is reasonable). At very small temperature (T < 40 MeV), the susceptibility equals zero. This vanishing behavior in the low-temperature region is consistent with the lattice results. For μ ∈ [0, 250] MeV, our results show that there exists a rapid increase of susceptibility near some temperature (T = 120-140 MeV). This rapid increase could be regarded as the signal of a crossover. The temperature at which the rapid increase occurs shifts to smaller values with increasing quark chemical potential. At the critical chemical potential μ = μ 0 = 547 MeV, the system becomes singular.
